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weight

Given a letter , we 
get a distribution of 
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The framework of Universal Coalgebra

X

FX

Ω

FΩ

X → [0,1] × 𝒟(X)A
X → 𝒫(1 + A × X)

Final coalgebra: 
canonical domain for 

branching-time 
semantics. Exists 

under mild size 
constraints.

X → 2 × XA } X → FX

Endofunctor  describes 
one-step dynamics of the 

system

F
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State space has extra structure of 
a semilattice
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 is a monad, that interacts with  via a distributive law T F λ : TF ⇒ FT

Extra structure of an algebra 
for a monad: 

μX : TTX → TX

Final coalgebra for F

Silva, A., Bonchi, F., Bonsangue, M. and Rutten, J. (2013). Generalizing determinization from automata to coalgebras.



Back to the example of Rabin 
automata
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(expected payoff) to a word
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Behavioural distances via lifting
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F(X, d : X × X → [0,1]) = (FX, dF : FX × FX → [0,1])

 is a pseudometricd
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X × X
α × α

FX × FX
dF

[0,1]

Given a pseudometric  on the set of 
states, we can make a new one:  


d
𝖻𝖾𝗁(d)

Least fixpoint  gives as the behavioural distanceμ𝖻𝖾𝗁

Paolo Baldan, Filippo Bonchi, Henning Kerstan and König, B. (2017). Coalgebraic Behavioral Metrics.



F = [0,1] × XA

dF(⟨o1, t1⟩, ⟨o1, t2⟩) = max{ |o1 − o2 | , max
a∈A

d(t1(a), t2(a))}
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𝖻𝖾𝗁(d) ≤ d
μ𝖻𝖾𝗁 ≤ d

Induction proof 
principle
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Now it works!
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nonexpansive functions 

(X, d) → ([0,1], de)

𝒫([0,1]𝒟X)

Evaluate the expected 
value for each plan

[0,1]𝒟X×𝒟X

Use the plan that 
maximises the profit

αX
γX 𝒫(𝔼X)
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Test one-step behaviour

[0,1]X 𝒫([0,1]FX)ΛF
X

We can have multiple 
evaluation maps

Goncharov, S., Hofmann, S.,  Nora, P., Schröder, L., Wild, P. (2023) “Kantorovich Functors and Characteristic Logics for Behavioural 
Distances” 
Beohar, H., Gurke, S., König, B., Messing, K., Forster, J., Schröder, L. and Wild, P. (2024). Expressive Quantale-Valued Logics for 
Coalgebras: An Adjunction-Based Approach. 



0 ≤ d(x, x)
d(x, y) = d(y, x)
d(x, z) ≤ d(x, y) + d(y, z)

d : X × X → [0,1]
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Directed metrics
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λ : TF ⇒ FT λ : TF ⇒ FT

To get soundness it enough to show that:


1) 


2) Predicate liftings interact in the right way with 

F T = FT

λ

For Kantorovich, we know that  for freeT F ⊑ TF



Compositionality

F T = FT



F = CB ∣ Id ∣ ∏
i∈I

Fi ∣ F1 + F2

To make that work, we construct appropriate 
sets of evaluation maps that interact well with 

the distributive law

Sound up-to technique for -coalgebrasFT
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Core results of the result come from 
fibred category theory

𝒱X×X 𝒫(𝒱X)

αX

γX
Fibred adjunction

Filippo Bonchi, König, B. and Petrişan, D. (2023). Up-to techniques for behavioural metrics via fibrations.
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Sound and succinct way of proving 
bounds on the distances 

Kantorovich lifting is flexible and 
also allowed us to tackle 

coproducts 

Quantale-valued behavioural 
distances for a wide class of 

transition systems 


