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A Completeness Theorem for 
Probabilistic Regular 
Expressions



Kleene’s Regular Expressions

Regular expressions

Regular languages
Deterministic finite automata



Syntax

Program Expression
Abort termination
No operation
Atomic operation
Nondeterministic choice

Sequential composition

Repetition



Salomaa axiomatisation

(Exp, 0, 1, +, ;) is an idempotent semiring
+

e* ≡ e; e* + 1
(e + 1)* ≡ e*

+
g ≡ e; g + f E(e) = 0
g ≡ e*; f

E(1) = E(e*) = 1 E(0) = E(a) = 1 E(e + f ) = E(e; f ) = E(e)E( f )

Theorem (Saloma’66):  
Sound and complete for language 

equivalence of DFAs



Probabilistic regular expressions

Program Expression
Abort termination
No operation
Atomic operation
Probabilistic choice

Sequential composition

Probabilistic loop



Generative Probabilistic Transition Systems (GPTS)

Q → 𝒟ω(1 + A × Q)

Finitely supported 
subprobability distribution

Perform a 
labelled transition 

to next state

Successfully 
terminate



Expressions to transition systems
Transition system structure on the set of expressions

𝖤𝗑𝗉 → 𝒟ω(1 + A × 𝖤𝗑𝗉)



Coalgebras

F : 𝒞 → 𝒞 Endofunctor on 
category C

(X ∈ Ob(𝒞), α : X → FX)

State space Transition function



Behavioural equivalence
(In the case of deterministic automata)



GPTS as coalgebras



GPTS as coalgebras



GPTS as coalgebras



Language semantics of GPTS
Silva and Sokolova (2011)
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Language semantics of GPTS
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Monads - recap
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Algebra for a monad



Algebra for a monad



Lifting the endofunctor to the category of monad algebras
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Lifting the endofunctor to the category of monad algebras



Lifting the endofunctor to the category of monad algebras



The big picture



Coalgebras over algebras



Coalgebras over algebras



Coalgebras over algebras



Positive Convex Algebras





Soundness



Soundness



Soundness



Soundness



Completeness



Completeness



Completeness



Subcubic convex functor
(Sokolova & Woracek, 2018)
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Subcubic convex functor
(Sokolova & Woracek, 2018)



Proper functors
(Milius, 2018)
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Proper functors
(Milius, 2018)

We need to show uniqueness of homomorphisms from 
determinations of finite-state GPTS



Systems and solutions
Systems of equations are in 1-to-1 correspondence with finite-state GPTS
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Solutions
Solutions are in 1-to-1 homomorphism to the quotient by provability
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Solutions
Solutions are in 1-to-1 homomorphism to the quotient by provability



Solving a system
Each system has a unique solution modulo the axioms
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Solving a system
Each system has a unique solution modulo the axioms



Conclusions

• Sound and complete axiomatisation of trace equivalence of GPTS for the 
language of expressions in the style of Kleene Algebra


• Reminiscent of classic automata theory results, despite coming from abstract 
categorical argument


• Future directions: algebraic axiomatisation, models in weighted relations, 
quantitative axiomatisation,…  
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