A Completeness Theorem for
Probabilistic Regular
EXpressions

Wojciech Rozowski (UCL), Alexandra Silva (Cornell)



Kleene’s Regular Expressions
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Regular expressions

Regular languages Q
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Syntax

Program Expression
O Abort termination
1 No operation
acA Atomic operation
€+ # Nondeterministic choice
e '} # Sequential composition
x

€ Repetition



Salomaa axiomatisation

(Exp, 0, 1, +, ;) iIs an idempotent semiring

4
er = e, e* + 1 Theorem (Saloma’66):
e+ =e e e
4
g=eg+f E(e) =0
g =e*f

E(1) = E(e*) =1 E)=E() =1 E(e+f)=E(e;f) = E(e)L(f)



Probabilistic regular expressions

Program

EXpression

Abort termination
No operation

Atomic operation

Probabilistic choice

Sequential composition

Probabilistic loop



Generative Probabilistic Transition Systems (GPTS)

Perform a
labelled transition

Finitely supported to next state

subprobability distribution

0—-9 (1+AX0)

Successfully
terminate




Expressions to transition systems

Transition system structure on the set of expressions
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Coalgebras

F . % —> % Endofunctor on h'

category C )( ___.>Y
(X € Ob(®),a: X - FX) d\‘/ & lp

State space Transition function




Behavioural equivalence

(In the case of deterministic automata)
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GPTS as coalgebras
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Language semantics of GPTS
Silva and Sokolova (2011)
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Language semantics of GPTS

Silva and Sokolova (2011) d/: .D,, (1 A _))27 [0,1}" &A
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Monads - recap
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Algebra for a monad

( X o D (X) _.—;x) ¢ 06(EN [ﬁw))




Algebra for a monad

( X o D (X) _.—;)() ¢ 06(EN [ﬁw))




Lifting the endofunctor to the category of monad algebras
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Lifting the endofunctor to the category of monad algebras
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Lifting the endofunctor to the category of monad algebras
A
L et % = (0,1 x (=)
V4 /\ave dr}’lriéu{wf [aw: /\: Q"D‘” =7 ~Du g
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Coalgebras over algebras

(Dw (X),f/x)
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Coalgebras over algebras




Coalgebras over algebras
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Positive Convex Algebras
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Probabilistic Choice

Sequencing

e=edpe (C1)
e=e® f (C2) 0;e=0 (0S)
ed, f=fye (C3) e ; 0=0 ESO;
l:e=e 1S
(e@pf)eaqg_e@pq(f@_g%_qg) (C4) e;l=e (S1)
(e®pf)ig=e;g®pfig (D1) e;(fi9)=1(e;f);9g (S)
e;(f®pg)=e;fdpe;yg (D2)
Loops Termination cond. F : Exp — [0, 1]
el =e:eP @, 1 (Unroll)
d _ [2L . E(l)=1 FE0)=FE(a)=0
(@ 1)” = elrFi (Tight) | | B(c®, f) = pE(e) + PE(f)
1M =0 (Div) | | E(e; f) = E(e)E(f)

g=e;g®d, f |E(e)=0
g=e”; f

(Unique)

B (6[p]) _ {

0 Ele)=1Ap=1

1—p :
I—pE(e) otherwise




Soundness



Soundness









Completeness
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Completeness

8.‘_{ we Show ifF s

inl edive we ore done
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Subcubic convex functor
(Sokolova & Woracek, 2018)

g —  sub fundor dfgyibl'ly deter mnsations of 9P’I_S

fod '
/ \’\/ \// Xa N and s
ONne C[oes

v e
l T not

l’ /. Y, this comes
. fom G



Proper functors
(Milius, 2018)

(,8,p) =~ - -




Proper functors
(Milius, 2018)




Proper functors
(Milius, 2018)

We need to show uniqueness of homomorphisms from
determinations of finite-state GPTS



Systems and solutions

Systems of equations are in 1-to-1 correspondence with finite-state GPTS
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Systems and solutions

Systems of equations are in 1-to-1 correspondence with finite-state GPTS
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Solutions

Solutions are in 1-to-1 homomorphism to the quotient by provability

The solution, { 90, oll} 7 Exp reeds o M“ST”J’ :



Solutions

Solutions are in 1-to-1 homomorphism to the quotient by provability
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Solutions

Solutions are in 1-to-1 homomorphism to the quotient by provability

The solution, { 90, otl} 7 Exp reeds o saiis{’J, :



Solving a system

Each system has a unique solution modulo the axioms
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Solving a system

Each system has a unique solution modulo the axioms

()= aikle) &1 Efa)<0



Solving a system

Each system has a unique solution modulo the axioms

L(g.))= aihly) & F(a)=

l

k(q)-‘r’- (]



Solving a system

Each system has a unique solution modulo the axioms

()= aikle) &1 Efa)<0

k(q)-'ﬁ \( (<]

\ [

h(g,)= a5 h(5,)= aja



Conclusions

 Sound and complete axiomatisation of trace equivalence of GPTS for the
language of expressions in the style of Kleene Algebra

 Reminiscent of classic automata theory results, despite coming from abstract
categorical argument

* Future directions: algebraic axiomatisation, models in weighted relations,
quantitative axiomatisation,...
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