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Knuth-Yao algorithm
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How to simulate "~/ using i [@?

while true do
if £1ip(0.5) then
if £1ip(0.5) then
return 1 // heads-heads
else
return 2 // heads-tails
else
if £1ip(0.5) then
return 3 // tails-heads
else
skip // tails-tails




Knuth-Yao algorithm

Correctness?
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while true do
if £1ip(0.5) then

if £1ip(0.5) then
return 1 // heads-heads

else
return 2 // heads-tails

else

if £1ip(0.5) then
return 3 // tails-heads

else
skip // tails-tails

if £1ip(

) then

return 1

else

if £1ip(0.5) then
return 2

else

return 3



Kleene Algebra with Tests

b,c€BExp::=0|1|teT|b-c|b+c|b
e,f CExp::=bEBExp|pE€Act|e+f|e-f]|e*

def
e;f =ef

if b then e else f = be + bf
while b do e & (be)*b



Kleene Algebra with Tests

while b do e = if b then (e;while b do e)
if b then e else f =if b then f else e

Automata on guarded strings: Q — 24 x QAtxAct



Guarded Kleene Algebra with Tests

Replace (+) and (*) with their Boolean guarded versions

e,f €Exp:= b€ BExp assert b
| p€Act do p
| e-f e f
| e+pf if b then e else f
| e(b) while b do e

» Decidable in nearly linear time
» Sound and complete Salomaa-style axiomatisation

» Strictly deterministic automata on guarded strings:
QxAt — {V , X} +Act x Q



Probabilistic Guarded Kleene Algebra with Tests

e,f €Exp:= b€ BExp assert b
| p € Act do p
| e-f ef
| e+pf if b then e else f
| e(b) while b do e
| e, f if flip(r) then e else f
| elr] while flip(r) do e

|veV return v



Correctness of Knuth-Yao in ProbGKAT
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Operational model
Automata with the transition function of the type
Q x At = D,({V, X} + V +Act x Q)

» Notion of equivalence:
bisimulation associated

b \5 with the type functor
o &7 06 .  nos 2o » Can be decided in
PO ‘;Jqli;q_’ft) 1 Y O(nz.log({v).) using a
b, b generic minimization
algorithm (WiBmann et
al, 2020)

(p+b9q) Boar



Operational semantics
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Axiomatisation of bisimulation equivalence

Guarded Choice Axioms Sequencing axioms Loop axioms
G1. e+pe=e AS. (ef)g=e(fg) GU. e =ee®) 4 1
G2. e+1 f=e AL. Oe=0 PU. elrl zeelrl @, 1
G3. ety f=f+pe VS. ve=0 GT. (e+. 1)) = (ce)“f)
Ga. (e+p f)+cg=e+p. (f+cg) NL le=e PT. (e 1)’] = el i)
G5. (e+p f) = (be+p f) NR. el=e PB. elll =™
Probabilistic Choice Axioms GDR. (e+p f)g=eg+p fg PGT. (e @ ]1)(17) =e® (r#0)
P1. edre=e EDR: (ee.})rvf)gz'ege)rfg GF. E(e)=0 g=eg+yf
P2. e® f=e Distributivity axiom 7S Pa—
P3. edr f=fOu_re D. (e ®r f) +p (e ®r g) g=ef
P4. (e® f)®s g =edr (f+p9) oF
=e®rs (f®u-ns 9) : E(e)=0 g=ego, f
1-rs _—
g=ellf

Laws involving division apply when the denominator is not zero.

» Two Salomaa-like inference rules for introducing the loops
» Sound: e=f = e f

» Complete if we use the generalised version of GF and UA allowing
to obtain unique solutions to arbitrary guarded systems



Knuth-Yao example revisited: axiomatic reasoning

d=vi @ (v2 D1 v3) and g = (v 1 v2) D1 (vs ©1 1)
M = ((Vl ®1 )@y (5 @y 11))“” Definition of g

=(mey )@y w o 7)™ Probabilistic skew associativity
= ((v EB% v2) EB% v)®) Loop tightening: (e @, 1)) = &(®)
=(ey (2o vp))® Probabilistic skew associativity
= 69% (va QB% v3))(v1 EB% (v2 69% vg))(l) +7 1 Loop unrolling: e(b) — gelb) +p 1
= (v GB% (v EB% V3))d(1) Definition of d and e +1 f = e
= (nd® ®y (vod® ®) v3d1y) Right distributivity of ; over @
= GB% (v2 63% v3)) Sequencing after return: ve = v

=d Definition of d



Summary

» GKAT + probabilistic choice and loops + return variables

» Operational semantics: Exp x At — D, ({v/,X} + V + Act x Exp)
» Decidable in O(n?log(n)) time

» A sound axiomatisation of bisimulation equivalence

Things | haven't talked about

» Coalgebraic semantics

» Model checking ProbGKAT automata with Prism (Kwiatkowska et al,
2011) or STORM (Hensel et al, 2022)

» Fundamental Theorem

» Verifying discrete simulation protocols
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